Additive manufacturing has enabled the fabrication of lightweight materials with intricate cellular architectures. These materials become interesting due to their properties which can be optimized upon the choice of the parent material and the topology of the architecture, making them appropriate for a wide range of applications including lightweight aerospace structures, energy absorption, thermal management, metamaterials, and bioscaffolds. In this paper we present, the simplest initial computational framework for the analysis, design, and topology optimization of low-mass metallic systems with architected cellular microstructures. A very efficient elasticplastic homogenization of a repetitive Representative Volume Element (RVE) of the micro-lattice is proposed. Each member of the cellular microstructure undergoing large elastic-plastic deformations is modeled using only one nonlinear three-dimensional (3D) beam element with 6 degrees of freedom (DOF) at each of the 2 nodes of the beam. The nonlinear coupling of axial, torsional, and bidirectional-bending deformations is considered for each 3D spatial beam element.
Introduction
A lot of natural structures such as hornbill bird beaks and bird wing bones are architected cellular materials to provide optimum strength and stiffness at low density. Humankind, over the past few years, has also fabricated cellular materials with more complex architectures in comparison with previously developed synthetic materials like open-cell metallic foams and honeycombs [1] .
Properties of these cellular structures are determined based on their parent materials and the topology of the microarchitecture. Additive manufacturing technologies and progress in threedimensional (3D) printing techniques enable the design of materials and structures with complex cellular microarchitectures, optimized for specific applications. In fact, one of the most interesting characteristics of cellular structures with pore network is that they can be designed with desirable properties, making them appropriate for lightweight structures, metamaterials, energy absorption, thermal management, and bioscaffolds [2] . For example, efforts are under way to fabricate bioscaffolds to repair and replace tissue, cartilage, and bone [3] [4] [5] [6] . These architected materials should be fabricated in such a way that they can meet biocompatibility requirements in addition to the mechanical properties of the tissues at the site of implantation. Therefore, presentation of a highly efficient computational method to predict and optimize the mechanical properties of such structures is of interest. Herein, we present a nearly exact and highly efficient computational method to predict the elastic-plastic homogenized mechanical properties of low-mass metallic systems with architected cellular microstructures. The framework of the methods presented in this paper is also germane to the analysis under static as well as impact loads, design, and topology optimization of cellular solids.
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In addition, Schaedler et al. [7] and Torrents et al. [8] showed experimentally that nickelphosphorous cellular micro-lattices undergo large effective compressive strains through extensive rotations about remnant node ligaments. Unfortunately, there are no computational studies in the literature on the large-deformation elastic-plastic analysis of such metallic cellular structures, which is the major concern of the present study, although, there is a vast variety of studies on the large deformation analysis of space-frames [16] [17] [18] [19] , form the era of large space structures for use in the outer space. In the realm of the analysis of space-frames, numerous studies have been devoted to derive an explicit expression for the tangent stiffness matrix of each element, accounting for arbitrarily large rigid rotations, moderately large non-rigid point-wise rotations, and the stretching-bending coupling [20] [21] [22] [23] [24] . Some researchers employed displacement-based approaches using variants of a lagrangian for either geometrically or materially nonlinear analyses of frames [20] [21] [22] . Kondoh et al. [23] extended the displacement approach to evaluate explicitly the tangent stiffness matrix without employing either numerical or symbolic integration for a beam element undergoing large deformations. Later, Kondoh and Atluri [24] presented a formulation on the basis of assumed stress resultants and stress couples, satisfying the momentum balance conditions in the beam subjected to arbitrarily large deformations.
In order to study the elastic-plastic behavior of cellular members undergoing large deflections, we employ the mechanism of plastic hinge developed by Hodge [25] , Ueda et al. [26] , and Ueda and
Yao [27] . In this mechanism, plastic hinge can be generated at any point along the member as well as its end nodes, everywhere the plasticity condition in terms of generalized stress resultants is satisfied. It is worthwhile to mention that contours of the Von Mises stress given in Ref. [15] for the 4-member RVE with PBCs show very high concentration of stress at the junction of four members. The stress contours were obtained based on linear elastic FE simulations [15] . Therefore, it clearly mandates an elastic-plastic analysis, which is undertaken in the present study. A complementary energy approach in conjunction with plastic-hinge method has been previously utilized to study elasto-plastic large deformations of space-framed structures [24, 28] . Shi and Atluri [28] derived the linearized tangent stiffness matrix of each finite element in the co-rotational reference frame in an explicit form and showed that this approach based on assumed stresses is simpler in comparison with assumed-displacement type formulations. In contrast to Ref. [28] which presents the linearized tangent stiffness, the current work derives explicitly the tangent stiffness matrix under the nonlinear coupling of axial, torsional, and bidirectional-bending deformations.
One of the extensively employed approaches in the literature for the analysis of nonlinear problems with large deformations or rotations is based on variational principles. For instance, Cai et al. [29, 30] utilized the primal approach as well as mixed variational principle [31] in the updated Lagrangian co-rotational reference frame to obtain an explicit expression for the tangent stiffness matrix of the elastic beam elements. They [30] showed that the mixed variational principle in comparison to the primal approach, which requires 1 continuous trial functions for displacements, needs simpler trial functions for the transverse bending moments and rotations. In fact, they [30] assumed linear trial functions within each element and obtained much simpler tangent stiffness matrices for each element than those previously presented in the literature [22, 23, 32] . While Ref.
[30] considered only a few macro members, our analysis is applicable to metallic cellular microlattices with an extremely large number of repetitive RVEs. Since plasticity and buckling occur in many members of the micro-lattice, we found that the Newton-type algorithm that has been utilized in Ref. [30] fails. In the present study we discovered that only our Newton homotopy method provides convergent solutions in the presence of the plasticity and buckling in a large number of members of the micro-lattice.
To solve tangent stiffness equations, we use a Newton Homotopy method recently developed to solve a system of fully coupled nonlinear algebraic equations (NAEs) with as many unknowns as desired [33, 34] . By using these methods, displacements of the equilibrium state are iteratively solved without the inversion of the Jacobian (tangent stiffness) matrix. Newton Homotopy methods are advantageous, in particular, when the effect of plasticity is going to be studied. Since, it is well-known that the simple Newton's method as well as the Newton-Raphson iteration method require the inversion of the Jacobian matrix, which fail to pass the limit load as the Jacobian matrix becomes singular, and require arc-length methodology which are commonly used in commercial off-the-shelf software such as ABAQUS. Furthermore, Homotopy methods are useful in the following cases, when the system of algebraic equations is very large in size, when the solution is sensitive to the initial guess, and when the system of nonlinear algebraic equations is either overor under-determined [33, 34] .
The paper is organized as follows. The theoretical background including the nonlinear coupling of axial, torsional, and bidirectional-bending deformations for a typical cellular member under large deformation, mixed variational principle in the co-rotational updated Lagrangian reference frame, plastic hinge method, and equation-solving algorithm accompanying Newton Homotopy methods are summarized in Section 2. Section 3 is devoted to the validation of our methodology; a threemember rigid-knee frame, the Williams' toggle problem, and a right-angle bent including the effect of plasticity are compared with the corresponding results given in the literature. Section 4 analyzes the mechanical behavior of two different cellular micro-lattices subjected to tensile, compressive, and shear loading. Throughout this section, it is shown that our calculated results (Young's modulus and yield stress) under compressive loading are very comparable with those measured experimentally by Schaedler et al. [7] and Torrents et al. [8] . Moreover, the progressive development of plastic hinges in cellular micro-lattice as well as its deformed structure are presented. Finally, a summary and conclusion are given in Section 5. Appendices A, B, C, and D follow.
Theoretical Background
Throughout this section, concepts employed to derive nearly exact and highly efficient elasticplastic homogenization of low-mass metallic systems with architected cellular microstructures are given. Considering the nonlinear coupling of axial, torsional, and bidirectional-bending deformations, strain-displacement and stress-strain relations in the updated Lagrangian corotational frame are described in Section 2.1. Section 2.2 is devoted to derive an explicit expression for the tangent stiffness matrix of each member of the cellular structure, accounting for large rigid rotations, moderate relative rotations, the bending-twisting-stretching coupling and elastic-plastic deformations. Solution algorithm is also given in Section 2. We examine large deformations for a cylindrical member with an unsymmetrical cross section around 2 -and 3 -axes and constant cross section along 1 -axis subjected to torsion around 1 -axis, and bending moments 2 and 3 around 2 -and 3 -axes, respectively. It is assumed that the warping displacement due to the torsion is independent of 1 variable, 1 ( 2 , 3 ), the axial displacement at the centroid is 10 ( 1 ), and the transverse bending displacements at the origin 
The Green-Lagrange strain components in the updated Lagrangian co-rotational frame ,
where the index notation ∎ , denotes ∎⁄ and is a dummy index. Replacement of Eqs. (1) into Eq. (2) 
and as follows in the matrix notation, ],
= [ 
Similarly, the member generalized strains are determined in the matrix form as
where, = We consider for now that the member material is linear elastic, thus the total stress tensor (the second Piola-Kirchhoff stress tensor), of which is calculated as
here,  0 is the pre-existing Cauchy stress tensor, and 1 is the incremental second Piola-Kirchhoff stress tensor in the updated Lagrangian co-rotational frame given by 
in which is the shear modulus,
, E is the elastic modulus, and is the Poisson's ratio.
Using equations (5) and (11), the generalized nodal forces for the member shown in Fig. 1 subjected to the twisting and bending moments are calculated as 
where is the area of the cross section, and ( , = 2,3) are the first moment and the second moment of inertia of the cross section, respectively,
, 23 = ∫ 2 3 , and is the polar moment of inertia, = ∫ ( 2 2 + 3 2 ) . Using the element generalized strains, , the element generalized stresses, are also determined in the matrix form as
in which, =
],
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Mixed Variational Principle in the Co-rotational Updated Lagrangian Reference Frame
Consideration of 1 and , respectively, as the components of the incremental second PiolaKirchhoff stress tensor and the displacement field in the updated Lagrangian co-rotational frame, the functional of the mixed variational principle in the same reference frame with orthonormal basis vectors is obtained as
where, is the volume in the current co-rotational reference state, is the part of the surface with 
where is the outward unit normal on the surface . For a group of members, ( = 1, 2, ⋯ , ) with common surfaces , Eq. (16) can be written as
If the trial function and the test function for each member, ( = 1, 2, ⋯ , ) are chosen in such a way that the inter-element displacement continuity condition is satisfied at a priori, then stationary conditions of ℋ for a group of finite elements lead to
here, + and -denote the outward and inward quantities at the interface, respectively. The continuity of the displacement at the common interface, between elements, is determined by
Applying Eqs. (5) and (13) 
Herein, the trial functions for the stress and displacement fields within each member, ( = 1, 2, ⋯ , ) are discussed. We assume that the components of the member generalized stress, obey the following relation 
Similarly, the components of the initial member generalized stress, 0 are determined
where,
Note that, twisting moment along the element, respectively. Therefore, the incremental internal nodal force vector for the element shown in Fig. 1 , with nodes 1 and 2 at the ends, can be expressed as
which can be written as 
From Eq. (26), it is seen that only the squares of 20,1 and 30,1 appear within each member.
Therefore, we assume the trial functions for the displacement field in such a way that 20,1 and 
Therefore, the nodal generalized displacement vector of the member can be expressed in the updated Lagrangian co-rotational frame as
where ( = 1, 2) is the displacement vector of the ith node,
The nodal generalized displacement vector of the member, is related to the vector by 
Applying the trial functions of the stresses, Eq. (29) into the Eq. (26), the functional of the mixed variational principle in the co-rotational updated Lagrangian reference frame can be rewritten as
here, 
where, 
Invoking variational form for the functional of the mixed variational principle results in the following equation, 
Plasticity Effects in the Large Deformation Analysis of Members of a Cellular Microstructure
For an elastic-perfectly plastic material, the incremental work done on the material per unit volume is = ( + ) in which and are elastic and plastic components of strain, respectively, and are the stress components. Using plastic hinge method, the plastic deformation is developed along the member wherever the plasticity condition is satisfied.
Therefore, the total work expended in deforming the material of the body is
where, ( ) is the elastic strain energy density function, and is the increment of plastic work at the ith plastic hinge. When the theory of plastic potential is applied, the plasticity condition in terms of the stress components at the ith node is expressed as
the increment of plastic work at the ith node can be expressed as
in which, , the increment of plastic nodal displacement at the ith node, is explained in term of the function ( , ),
is the nodal force, and is a positive scalar. Therefore, Eq. (52) can be rewritten ̂= is the location of the plastic hinge. A variational form for the plastic work can be written as below
Explicit Derivation of Tangent Stiffness Accompanying Plasticity Effects
Using the functional of the mixed variational principle given in Section 2.2.1, Eqs. (42-46), Eq.
(57) is expressed as
Then, invoking = 0 and using Eqs. (51) and (58), Eq. (51) can be modified to include the effect of plasticity by introducing new determined matrices ̂, ̂, and ̂ as follows,
in which,
̂= [
Since ̂ in Eq. (60) are independent and arbitrary in each element, 
and,
Since we study the nonlinear coupling of axial, torsional, and bidirectional-bending deformations for each element, plasticity condition is introduced by ( ,̂1,̂2,̂3) = 0 at the location of the ith plastic hinge, then
and
in which, is the plastic elongation and * , = 1, 2, 3 are the plastic rotations at the location of plastic hinges. Components of the element tangent stiffness matrices, , , and are presented in Appendix B. Moreover, transformation matrices relating coordinate systems corresponding to the deformed and undeformed states to the global coordinates system (Fig. 1 ) are also given in Appendix C.
Solution Algorithm
To solve the incremental tangent stiffness equations, we employ a Newton Homotopy method [33, 34] . One of the most important reasons that we use newly developed scalar Homotopy methods is that this approach does not need to invert the Jacobian matrix (the tangent stiffness matrix) for One of the other reasons behind the advantages of recent developed Hemotopy methods is showing much better performance than the Newton-Raphson method, when the Jacobian matrix is nearly singular or is severely ill-conditioned. For instance, when we considered the problem discussed in Section 3.1 (Three-Member Rigid-Knee Frame) using the Newton-Raphson algorithm, the provided code couldn't converge to capture the critical load while it converged rapidly after switching to the Homotopy algorithm. Moreover, we discovered that while the Newton-type algorithm fails to converge, the Newton Homotopy method provides convergent solutions in the presence of the plasticity and buckling in a large number of members of the micro-lattice. As another benefits of the employed algorithm, our developed CELLS/LIDS code is not sensitive to the initial guess of the solution vector, unlike the Newton-Raphson method.
The Homotopy method was firstly introduced by Davidenko [35] to enhance the convergence rate 
where, is the Jacobian (tangent stiffness) matrix evaluated with = , and ( ) is a positive and monotonically increasing function to enhance the convergence speed. Various possible choices of ( ) can be found in [34] . Finally, the solution vector, can be obtained by numerically integrating of Eq. (76) or using iterative Newton Homotopy methods discussed in Appendix D.
Representative Approach and its Validation
This section is devoted to consider the validity of our proposed methodology. To this end, three different problems are analyzed and compared with results from other methods given in the literature. The critical load of three-member rigid-knee frame is computed in section 3.1. Section 3.2 examines the classical Williams' toggle problem. Section 3.3 is devoted to consider the accuracy and efficiency of the calculated stiffness matrix in the presence of plasticity by solving the problem of right-angle bent.
Three-Member Rigid-Knee Frame
The geometry of the three-member rigid-knee frame and the cross section of elements are shown in Fig. 2 . Using the CELLS/LIDS [CELLular Structures/Large Inelastic DeformationS] code, the longer element is divided into 6 elements and shorter elements are divided into 3 elements. A transverse perturbation loading, 0.001 is also applied at the midpoint of the longer member. Load versus displacement at the location of point load is plotted in Fig. 3 and compared with the corresponding results presented by Shi and Atluri [28] . As it is observed, there is a good agreement between present calculated results and those obtained by Ref. [28] . Please note that, they [28] have also mentioned that their computed critical load is a little higher than that obtained by Mallett and
Berke [18] .
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21 Fig. 2 . The geometry of three-member rigid-knee frame and the cross section of elements. 
Classical Williams' Toggle Problem
Williams [36] developed a theory to study the behavior of the members of a rigid jointed plane framework and applied it to the case of the rigid jointed toggle. Classical toggle problem is exhibited in Fig. 4 , consisting of two rigidly jointed elements with equal lengths and anchored at their remote ends. The angle between the element and the horizontal axis, is related to the length of the elements via the relation ( ) = 0.32. The characteristics of the cross section of elements are also included in Fig. 4 . The structure is subjected to an external load W along −direction at the apex, as illustrated in Fig. 4 . The deflection of the apex versus the applied load is calculated and compared with results given by Williams [36] in Fig. 5 . As it is seen, good correspondence is obtained. 
Elastic-Plastic Right-Angle Bent
Throughout this section, the accuracy and efficiency of our methodology to consider the effect of plasticity is investigated. To this end, the problem of right-angle bent is calculated and compared with the results from other works. Two equal members of length with square cross sections are located in the -plane and are subjected to an external load, along the -direction at the midpoint of one element, as shown in Fig. 6 . Both members are anchored at their remote ends. Therefore, they are under both bending, and twisting, . The yielding condition for such a perfectly plastic material subjected to bending and twisting is ( 
Low-Mass Metallic Systems with Architected Cellular Microstructures
This section is devoted to study computationally the large elastic-plastic deformations of nickelbased cellular micro-lattices fabricated at HRL Laboratories [7, 8] . 
where, 0 and 0 are fully plastic bending moment and fully plastic axial force, respectively. The engineering stress as a function of the engineering strain is presented in Fig. 10 for the nickel cellular micro-lattice under compressive, tensile, and shear loads. The stress-strain curves corresponding to the tensile and compressive loads result in the overall yield stress of the RVE, The progressive development of plastic hinges as the tensile and compressive loads increase is shown in Fig. 11 . The total deformation of RVE considering the effect of plasticity corresponding to the step B of compressive loading, step F of tensile loading, and step G of shear loading is also given in Figs. 12(a) through (c), respectively. Since plastic deformation can absorb energy, this architected material will be appropriate for protection from impacts and shockwaves in applications varying from helmets to vehicles and sporting gear [1] . (c) Plastic hinges formed at step E shown in Fig. 10 . 
Architected Material with Further Increased Relative Density
In this case, the fabricated sample is computationally modeled using an RVE consisting of 60 nodes and 128 members with PBCs along the -and -directions, Fig. 13 . The strut member dimensions are = 1200 , = 175 , and = 26 . The wall thickness of the member in this case is 52 times greater than that of the previous case in section 4.1. The RVE is subjected to both tensile and compressive loading to study the mechanical properties of the architected material.
The engineering stress-engineering strain curve is plotted in Fig. 14 when the micro-lattice is under tension and originate at the stress level 6.8519 when the micro-lattice is subjected to compression. It is found that both Young's modulus and the yield stress of the cellular micro-lattice increase significantly by increasing the strut thickness. It is wellknown that the elastic modulus and the yield strength of the cellular materials increase with the increase of their relative density [9] . Relative density is calculated as ⁄ where, is the mass of , and wall thickness = 26.00 ± 2.6 . As it is seen there is a very good correspondence between our calculated mechanical properties of the sample under compressive loading and those measured experimentally by Torrents et al. [8] .
To investigate the effect of the size of the RVE on the macroscale response of the cellular microlattice, the depth of the 2 × 2 × 2 RVE (Fig. 13 ) is increased by a factor of two. Due to the PBCs along x-and y-directions, the size of the RVE along these directions is considered to be 1 .
Therefore, a 1 × 1 × 4 RVE consisting of 36 nodes and 64 strut members is modeled, Fig.   15 , and the corresponding stress-strain curve under compression is included in Fig. 14 
Conclusion
We presented a computational approach for the large elastic-plastic deformation analysis of low- 
